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Abstract 
We show that a homology class in a smooth 4-manifold homologically resembling a K3 
surface with positive self-intersection (or with zero self-intersection and odd divisibility) is 
not represented by a smooth 2-sphere. The method is to blow down a purported 2-sphere 
and use a gauge-theoretic argument on the resulting orbifold. As a corollary, we deduce a 
result on real projective planes in a homology Enriques surface. 
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1. Introduction 
One of the classical problems of 4-manifold theory has been to determine which 
homology classes in a 4-manifold are represented by embedded 2-spheres. This 
problem was originally attacked using Rochlin’s theorem, and later, via the 
G-signature theorem. The advent of Donaldson’s gauge-theoretic techniques has 
resulted in great progress on this problem through the work of Kuga [161, Fintushel 
and Stern [S], and Lawson [17,18,7]. These authors have concentrated on manifolds 
with simple homology: S2 x S2, and connected sums of CP2 and W’. In this 
paper, we take the next step, and prove a nonembedding theorem for manifolds 
with the same intersection forms as the Kummer surface. To state the precise 
result, we use the notation p2 for the second Betti number, and PC for the 
number of positive parts in the intersection form. Also, if C is a homology class, 
there is a maximal d such that C = d. C’ for some other homology class C’. Call d 
the diuisibility of C. 
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Theorem 1.1. Let C be a 2-dimensional homology class in a smooth, spin 4-manifold 
W with /3:(W) = 3, p,(W) > 8, and no 2-torsion in H,(W). If C has self-intersection 
number C2 > 0, then C cannot be represented by a smoothly embedded 2-sphere. The 
same is true if C2 = 0 and the divisibility of C is odd. 
By passing to a 2-fold cover, one can also obtain some results on embeddings of 
a real projective plane in manifolds with the same homology as an Enriques 
surface [2]. 
Corollary 1.2. Let Y be a smooth, nonspin, oriented 4-manifold with H,(Y) = Z,, 
and with u(Y) = -8 and &(Y) = 10. Zf C is an embedded copy of lRP2 in Y with 
(w,(Y),C) # 0, then C.C < 0. 
Here C. C refers to the Euler class with twisted coefficients. The proof of the 
corollary will be given at the end of the paper. 
Because one can kill elements of infinite order in H,(W) by doing surgery in the 
complement of a 2-sphere, without affecting the other hypotheses on W, the 
theorem as stated follows from the special case where H,(W; R) vanishes. Thus we 
assume this for the rest of the paper. 
There are several remarks to make concerning Theorem 1.1 and its proof. The 
first is that this is really a theorem about smooth manifolds, as it is easy to show 
using [121 that in the Kummer surface there are topological (locally-flat) 2-spheres 
representing classes of arbitrary (even> self-intersection. The example of the 
Kummer surface also shows that the hypothesis on the self-intersection is fairly 
sharp, as Matsumoto has shown 1191 that any class of self-intersection -2 in that 
surface is represented by a smooth 2-sphere. The conclusion of Theorem 1.1 
applies to other classes of 4-manifolds: The author, Morgan, and Mrowka [21] (see 
also [14l) have shown that smooth 2-spheres in manifolds with nonvanishing 
Donaldson polynomials [51 have negative self-intersection, while Friedman and 
Morgan [131 show the same for Dolgachev surfaces and their blowups. Our result 
uses no information about the 4-manifold beyond knowledge of its homology. 
Finally, we note that the restriction of odd divisibility in the case C2 = 0 is not 
known to be necessary. 
The proof of Theorem 1.1 is simple in the case when C2 = 0, but suggests an 
approach to the case of positive self-intersection. Any 2-sphere carrying C has 
trivial normal bundle and so may be removed by a surgery. If the divisibility of C is 
odd, the resulting manifold will have no 2-torsion in H,. Furthermore, it will have 
&+= 2, p2 & 6, and will be spin. Such a manifold would violate Donaldson’s 
“theorem c” [3,41. Given a 2-sphere C of positive self-intersection, we cannot 
surger it, but we can do a “singular surgery” to lower &+ to 2 in the following way: 
Remove a tubular neighborhood of C, resulting in a 4-manifold with boundary a 
lens space L(n;l,l). Adding a cone on this lens space results in a singular space, or 
“orbifold” X with /3;(X) = 2. (We will refer to this sort of singular surgery as 
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blowing down the 2-sphere C.) We then show how to make Donaldson’s proof of 
his theorem on nonsingular manifolds with p:= 2 work in this context. 
A key point in Donaldson’s proof is an analysis of the ends of the moduli space 
of an appropriately chosen SU(2)-bundle over X. Similarly, we must analyze the 
noncompactness of moduli spaces for bundles over the orbifold X. A new feature 
that arises here is that curvature concentrating at the cone point gives rise to new 
ends of the moduli space. We show how to avoid these new ends, by a dimension 
count and general position argument. 
2. Definitions and notations 
As indicated in the introduction, we will use arguments concerning gauge theory 
on orbifolds. Let X be a 4-dimensional orbifold with one isolated singular point p, 
and let Y denote X - {p}. Near p, the orbifold has the structure of a quotient 
space B4/G, where G is a finite group acting linearly, and freely away from 0. An 
SU(2) bundle over B4/G is by definition a G-equivariant bundle on B4. It is 
completely described by the action of G on the fiber over 0, in other words by a 
representation p of G into SU(2). A bundle over X is a bundle over B4/G in this 
sense, and a bundle over Y, together with an identification of the two bundles 
where they overlap. 
In general objects on X will be defined as equivariant objects on B4 near p, 
and by their usual definitions on Y. Thus we can discuss smooth sections of 
bundles, and therefore connections and curvature of bundles over orbifolds. In 
particular, associated to a bundle on X are the Chern forms which are defined as 
polynomials in the curvature. Integrating c2 over X gives a number, which is easily 
shown to be an element of Z[l/]Gl]. Furthermore, the bundle is specified by 
knowing its Chern class and the representation p of G in SU(2). 
The space of connections on a bundle of Chern class k, and with representation 
p at p will be denoted LZ!~(X, p). If p is the trivial representation (denoted by 0) 
we will use the notation dk(X); if the Chern class is irrelevant or clear we may 
omit the subscript. The quotient of JV’~(X, p> by the gauge group will be denoted 
by 9&(X, p). We will use the superscript “*” for the irreducible connections in 
any of these spaces. 
The orbifolds we consider may admit nontrivial flat connections. For example, 
even in a simply-connected manifold, the complement of a 2-sphere may not be 
simply connected. In addition, if the orbifold X arises by blowing down a 2-sphere 
whose divisibility is greater than 1, the resulting orbifold will admit reducible flat 
bundles. Note that if the smooth part Y has H’(Y) = 0, then the reducible flat 
connections on X will form a discrete set in the space of all flat connections. In 
order to deal with the flat connections, we use the perturbation of the anti-self-dual 
equations introduced by Donaldson in [4]. A self-dual 2-form w representing a 
class in H:(X) and a loop in X define a bundle-valued 2-form essentially by 
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tensoring w with the holonomy around the loop. Any linear combination, say u, of 
such forms defines a gauge-equivariant function on &(X1; the perturbed ASD 
equations are then given by F++ (T = 0. We will refer to solutions of these 
equations as a-ASD connections, and denote the moduli space of such solutions by 
(X, p). As above, various parts of the notations may omitted when they are clear 
from the context. 
The import of this perturbation is that for p:(X) > 1, and p’(X) = 0, and for a 
suitable choice of forms and loops, the (T-ASD moduli space AO(X, p) has a 
particularly simple form: There are some isolated points, corresponding to repre- 
sentations of ri(Y) into SU(21 which extend the representation p, and which have 
image *I E SU(2). The rest of _&r&X, p> will consist of a compact, smooth 
manifold of dimension predicted by the index theorem; cf. Theorem 3.2. In 
contrast to the closed case, this dimension may well be positive, owing to the 
contribution of the n-invariant of the lens space to the index calculation. The 
moduli spaces for higher Chern class can also be made smooth, this is discussed 
later, in Theorem 3.2. 
To minimize the complications arising from the noncompactness of the moduli 
spaces, we will work with certain submanifolds of the moduli spaces dual to 
2-dimensional homology classes in X. These submanifolds, called diuisors, were 
defined in [31; we follow the discussion in [6,§51. Suppose that Z is a closed 
oriented surface with a tubular neighborhood N, and consider the space 9(N) of 
gauge equivalence classes of connections on the trivial SU(2) bundle over N. There 
is a complex line bundle 9” defined over 9’*(N) whose first Chern class is the 
cohomology class p(Z) E H2(9*(N)). The line bundle _FZ does not necessarily 
extend over all of 9(N); however it does extend over G’*(N) U {degree-O re- 
ducibles). 
If 2 is embedded in X, missing the singular point p, then each of the spaces 
L&?~(X, p) has a restriction map rZ to 99(N). By the unique continuation property 
for ASD connections [6,4.3], the restriction maps will have the property that an 
irreducible ASD connection on X does not restrict to a reducible connection on N 
of nonzero degree. If one chooses a generic section of the line bundle 9” then the 
inverse image of the O-section will be a codimension-2 submanifold U, CL%‘*(N) U 
{degree-O reducibles) CL&N). With more care, the section may be chosen so that 
U, does not contain the restriction of any flat reducible connection. Moreover, all 
of the maps rZ will be transverse to U, and will pull back submanifolds V, k c I >P 
g&X, p>. 
The final ingredient we need for the argument is a family {a,,,} of connections 
coupled to a Dirac operator on X. We will need this only when the representation 
at the fixed point is trivial and c2 is odd. In order for this family to exist, of course, 
X must be spin in a suitable sense. In Corollary A.3 of the appendix, we show that 
if X arises by blowing down a 2-sphere in a spin 4-manifold, then X will be spin 
and therefore possesses a Dirac operator. An orbifold version of proposition 2.20 
of [31 shows the existence of the family I+,}. 
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3. Basic approach 
The proof of Theorem 1.1 follows the basic outline of “theorem C” of 131. We 
will give a brief description of the proof up until the part where new features arise; 
these have to do with certain compactness properties of the moduli spaces. Let W 
be a manifold satisfying the hypotheses of Theorem 1.1, and suppose that C is a 
2-sphere carrying a nontrivial homology class in W with self-intersection > 0. Let 
X be the orbifold obtained by blowing down C. Note that X, considered as a 
rational homology manifold, will have p:= 2. Consider the space J&‘=J@‘&X, 0) of 
a-ASD connections which have Chern class 3, and which have trivial representa- 
tion at the cone point. We will compute in Theorem 3.2 that the moduli space will 
be a 15-dimensional smooth manifold for a generic choice of metric on X. 
The moduli space .4’ is noncompact, and its ends are rather complicated. 
Following Donaldson, we will cut & down to a smaller moduli space ,iy, whose 
ends are easier to understand. This is done by intersecting J%’ with submanifolds 
I’, for appropriately chosen surfaces 2 in X. The surfaces are found using the 
following lemma. 
Lemma 3.1. Let W be a spin 4manifold with & 2 8 and pT= 3, and let CY be a 
homology class in H2( W). Then there are six homology classes (Y,, . . . , a6 E H,(W) 
such that 
(1) CY . ffj = 0, 
(2) (Y1’a2-aj’a‘$=aa5’ a6 = 1 (mod 2) and all other (mod 2) intersection 
numbers are 0. 
Proof. By the classification of symmetric bilinear forms [15], the intersection form 
of W will have a hyperbolic summand H. According to Wall [23], the automor- 
phism group of (H,(W), * ) is transitive on elements of a given square and type 
(characteristic or noncharacteristic). Since the form is even, characteristic elements 
are precisely those which are divisible by 2. Thus, H contains elements of every 
possible square and type occurring in (H,(W), . ). So up to an automorphism of 
(Hz(W), . ), we may assume that (Y lies in H. Now the lemma follows from the 
discussion in Section 1 of [31 about the exterior powers of forms of rank 2 6 
applied to the orthogonal complement of H in (HJ W>, . ). 0 
Upon closer examination, one finds that the mod 2 congruences in the above 
lemma may be replaced by integer equations. For W, being a smooth spin 
manifold, must have signature divisible by 16, and thus must have in fact three 
hyperbolic summands. If LY is chosen from the first one, let ai,. . . , CY~ be the 
obvious generators of the second and third hyperbolic summands. The orthogonal 
complement is still a unimodular form, so any two classes with intersection equal 
to 1 may be chosen for (Ye and a6. 
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To apply this discussion to the problem at hand, let (Y be the homology class 
carried by C, and let Zi,. . . , Z6 be surfaces carrying the LYE chosen as in the 
previous paragraph, with tubular neighborhoods ZVi. By tubing together alge- 
braically cancelling intersection points, we may assume that all the _Z miss C, and 
that the actual number of intersections among the xi is given by the algebraic 
intersection numbers. Moreover, the intersections of the Nj will be small balls 
surrounding the intersections of the Zi. As discussed above, for each i, the image 
of the ASD connections under the restriction map from s*(W) lies in s*(Nii>. 
The moduli space we will use will thus be J’ =J?‘~ n Vz, n . . . CT VI,. Since the VZ, 
have real codimension 2, N will be 3-dimensional. 
The ends of J’ will be analyzed using a variation of the dimension counting 
argument of [3]. To this end, we need to compute the dimension of the moduli 
spaces .&Yk(X, p) for the orbifolds arising in the proof. This sort of calculation has 
been carried out in [8,17], so we just give the result. Let X be an orbifold, with a 
single singular point with neighborhood a cone on the lens space L(n, 1). Here the 
lens space, thought of as the boundary of B4/Z,, has the same orientation it 
would acquire as the boundary of the D2-bundle of Euler class n. Let P be an 
SU(2) bundle described as having Chern class c, and representation p at the cone 
point. Letting g E ri(L) be the generator which corresponds to a fiber in the 
bundle projection from L to S2, the representation p is specified by 
0 
e-2rrik/n 
for some k < n/2. 
Theorem 3.2. The (formal) dimension of .J%‘~(X, p) is equal to 
&-3/2(x(X) +-a(X)) +4k-8C 
n 
where u is the signature of X as a rational homology manifolds and where x is the 
Euler characteristic. Moreouer, c = k2/n (mod Z). For c > 0, p,‘(X) > 1, and for a 
generic metric on X, dC(X, p) will be a smooth manifold of dimension given by the 
above formula. 
The last part of the theorem follows from the fact, discussed in [93, that the 
Freed-Uhlenbeck generic metrics theorem [lo] works in the context of orbifolds, 
so long as the Chern class is nonzero. We also use the fact that if one considers the 
anti-self-dual equations on the orbifold x(L) = the suspension of the lens space L, 
then the moduli space will also be a manifold of the dimension predicted by the 
index theorem. In particular, if the index theorem gives a negative formal dimen- 
sion, then the moduli space will be empty. These facts are proved with the use of a 
vanishing theorem for harmonic spinors, as in [ll, and hold for the orbifold metric 
on Z(L) pushed down from the standard positive curvature metric on S4. 
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4. Proof of Theorem 1.1 
By Uhlenbeck’s compactness theorem, adapted to the orbifold setting [7], a 
sequence of ASD connections in 9*(X) can fail to converge only when the 
curvature becomes unbounded in a neighborhood of a finite collection of points in 
X. This is the phenomenon of “bubbling off” of instantons, and can take place 
either in the nonsingular part of X or at the cone point p. Conversely, if the 
points lie in the nonsingular part of X, then one can glue in S4-instantons, as 
discussed in [3,22]. If the point where the gluing takes place lies in the neighbor- 
hood of a surface used to define a divisor in the moduli space, then the glued-in 
connection will lie on the corresponding divisor in JQX, p) if the “gluing 
parameters” are chosen correctly. 
Recall that in the situation of Theorem 1.1, there are six surfaces -Cl,. . . , X6 
and three points xi, x2, x3 which arise from the pairwise intersections among 
them. Following the discussion in [6,§8.31, a proper choice of sections of the _Y’, 
defining the divisors will ensure that the only end of JV which arises from gluing in 
three instantons corresponds to gluing in instantons at each of the three points xi, 
x2, xs. Now recall the family {a,, A } defined by the Dirac operator of X coupled to 
connections on E. Its index defines an element ind(D$) of the real K-theory of 
9*(X). Exactly as in [3], the end of JV corresponding to gluing instantons at xi, 
x2, x3 may be described by the following lemma. 
Lemma 4.1. The end of N corresponding to curvature accumulating at the points x1, 
x2, x3 is diffeomorphic to T2 x Iw. The characteristic class w,(ind(D*,I) is nontrivial 
on the fundamental class of T 2. 
Because the (virtual) bundle ind(Dg) extend over all of JP”, Theorem 1.1 will 
follow once we have proved 
Theorem 4.2. There are no other ends of .N other than the one described by bubbling 
off at the points x1, x2, x3. 
Proof. Let Ai be a sequence of connections in Jy which does not converge. 
Uhlenbeck’s theorem, adapted to the orbifold setting as in [71, and to the 
perturbed equations as in [4], gives the following picture. The (pointwise) norm of 
the curvature remains bounded, except at a finite sequence of points. There is a 
limiting connection A, E.&~(X, p), to which (a subsequence of) the sequence Ai 
converges on compact subsets in the complement of the points where the curvature 
blows up. Near the smooth points where the curvature blows up, the connection, 
after resealing, becomes isomorphic to a standard instanton on S4, of Chern class 
2 1. In a neighborhood of the cone point, the bubble which develops is a a-ASD 
connection Ab, E.&$(Z(L), p, 0) on the orbifold Z(L). Moreover, c + c’ + Cr=,c, 
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= 3, where n is the number of points (other than p) where the curvature blows up 
and ci is the Chern class of the instanton which bubbles off. 
Suppose first that none of these points is the cone point p. Since the curvature 
in a neighborhood of the cone point is bounded, the representation p remains the 
trivial representation in the limit. By our hypothesis on the 2-torsion in H,(W), the 
only reducible representation of r,(Y) whose image lies in f Z c SU(2) and which 
restricts to the trivial representation on rr,(L(n, 1)) is the trivial representation. By 
Theorem 3.2, the formal dimension of the space AJX, 0) is negative. Because 
the perturbation u has been chosen to get rid of all of the other reducible flat 
connections, and the formal dimension is negative, the only possibility for A, is the 
trivial connection 0. Now the argument of [3] implies that there must be three 
points, and they must be the points xi, x2, x3 discussed above. Thus in this case, 
the sequence goes into the end described in Lemma 4.1. 
Now let us assume that the curvature is blowing up at p, and possibly at other 
points. It must be the case that c’ > 0, and 12 G 2. Thus there are at least two 
surfaces 2 such that the sequence Ai converges on a neighborhood N of s. 
Because the divisors Vz are closed, the limit A, E Vz. It follows that A, cannot be 
a flat reducible connection, and so lies in a smooth part of the moduli space. 
Suppose first that IZ = 0, so that the curvature blows up only at the cone point. 
As above, it follows that the sequence Ai converges in a neighborhood of each of 
the 2, so that A, EJ(X, p> n Vz, n . . . n Vz,. In order for this intersection to 
be nonempty, the dimension of J(X, p) must be greater than or equal to 12. Now 
the dimension of dc(X, p) is computed in Theorem 3.2 to be 
gc-9+4k-$=--l(mod4) 
since c = k2/n (mod 1). Here k is the number with 0 G k G n/2, and for which 
p(g) = diag(e2rik/n, e- 2rik/“). Thus the only possibility is that dim(_&=(X, p>) = 15. 
On the other hand, one has the relation 
dim(J(X, ~))+dim(&.(s(L), p,@))=l5- ztlZcecy2’ (*) 
Therefore dirn(Jc(s(l), p, 0)) < 0, so by the vanishing theorem, (J&‘~(&%L), p, 0) 
must be empty. This contradicts the existence of the limiting connection A’,. The 
other cases, when IZ = 1 or 2, are handled in a similar way. q 
The relation ( * > may be verified by direct calculation, as in Theorem 3.2. More 
conceptually, the correction term 1 or 3 is just the dimension of the stabilizer of 
the representation p which acts as a “gluing parameter” when one grafts connec- 
tions from X and z(L) to make an anti-self-dual connection on X. This same 
gluing parameter plays a key role in the theorems of [211 which show the vanishing 
of the Donaldson polynomials. 
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5. Proof of Corollary 1.2 
Suppose Y is a manifold as described in Corollary 1.2, and suppose that C is an 
embedded copy of RP* with C. C 2 0 and (w*(Y), C> # 0. Let W be the nontriv- 
ial double cover of Y, and let D be the inverse image of C under this double 
cover. To deduce Corollary 1.2 from Theorem 1.1, we need the following facts: 
(1) The covering D + C is nontrivial, i.e., D = S2. 
(2) H,(W) has no 2-torsion. 
(3) W is spin. 
(4) p:(w) = 3, and p2(W) = 22. 
In order to prove these facts, let w, E H’(Y; Z,) denote the generator, which is 
also the first Stiefel-Whitney class of the line bundle associated to the double 
covering W -+ Y. By the Wu formula [20], and the Bockstein exact sequence, w,(Y) 
is the unique 2-torsion element in H*(Y), so we have that w,(Y) = p 0 p(wi) = w, 
u wl. (Here p is the map induced on cohomology by reduction modulo 2, and p is 
the corresponding Bockstein coboundary.) Since, by hypothesis, (w,, C> # 0, it 
follows that w, restricts nontrivially to C, so the covering is nontrivial. It also 
follows that w,(W) vanishes, since wi pulls back trivially. 
For the second fact, we use the Gysin sequence of the double covering: 
0 -HO(Y; Z*) -J=H’(Y; Z,) LH’(W; Z,) - 
-H’(Y; Z*) =H*(Y; Z*) - . . . 
By the above discussion, both maps labeled Uw, are nontrivial, so H1(W; Z,) = 0. 
Hence H,(W) has no 2-torsion. Also, H’(W; Qe) must vanish. The facts about 
p,‘(W) and p2( W) follow by the multiplicativity of the signature and Euler 
characteristic. 
Now since Y is even, but nonspin, it follows that [Cl is PoincarC dual to w*(Y), 
and that the mod 2 self-intersection number [Cl* = 1. This implies that the 
self-intersection D . D, which is the same as the twisted Euler class C. C, is 
congruent to 2 (mod 4). So if C. C 2 0, it is in fact > 0, so the 2-sphere D c W 
will violate Theorem 1.1. 0 
It is easily seen, by passing to a cover, that a manifold such as considered in the 
above corollary has no 2-spheres of self-intersection > 0, and none of square 0 
with odd divisibility. 
Appendix A. Spin structures on orbifolds 
In order to use Donaldson’s methods, we need the existence of a Dirac operator 
on our orbifold X to construct the various bundles needed in the analysis of the 
ends of the moduli space. We will discuss only the situation for orbifolds of the 
type considered in this paper. Namely, X is even dimensional and has only isolated 
singularities. Each singularity will be a cone on a lens space, in other words 
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B2”/G, where Gi is a cyclic group acting linearly on B” and freely on the 
boundary sphere, with quotient Li. We will show that a spin orbifold arises when 
one blows down 2-spheres in a spin manifold. 
A spin structure on a manifold M is by definition a double covering P + P of 
the oriented frame bundle P of M whose restriction to the fibers is the standard 
double covering Spin(n) + SO(n). If the group G acts on M by isometries, then it 
also acts on P. A (G-j equivariant spin structure on M is a lift of this action to a 
G-action on P. If G acts freely on M, then equivariant spin structures correspond 
one-to-one with spin structures on the quotient manifold. 
Definition A.l. A spin structure on the orbifold cone (S2n-1/G> is a G-equivariant 
spin structure on B2”. A spin structure on an orbifold with isolated singularities 
consists of a spin structure on the manifold with boundary X-nhdcsingular set), 
together with an extension of the induced spin structure on the boundary over 
each of the cone points. 
Note that we are implicitly using the equivalence between equivariant spin 
structures on S2n-1 and spin structures on the boundary of X-nhdcsingular set). If 
cone(S2”-1/G) has one spin structure, then we can manufacture new spin struc- 
tures out of homomorphisms from G to L,. In order to prove the main theorem of 
this section, we need to discuss precisely how this is done, and understand the 
connections to spin structures on the boundary. 
If the manifold M has a spin structure, then there is an exact sequence: 
0+H’(M;Z2)-)H1(P;Z2)+H1(SO(n);Z2)+0. 
If we interpret H’(X; Z,) as the set of real line bundles on the space X, then a 
spin structure on M corresponds uniquely to a line bundle L, on P which restricts 
nontrivially to SO(n). Suppose that the cohomology class (Y EH’(M; Z,) corre- 
sponds to the line bundle y, on M. In this terminology, the action of (Y on the spin 
structure u is by tensor product of L, with the pullback rr* yU to P. 
Now suppose that T,(M) = G, and let M’ be the universal cover of M, and P’ 
be the pullback of the frame bundle P. (In general ’ will represent the pullback via 
the G-covering.) If L, represents a spin structure on M, then the pulled back 
bundle Lb has an induced G-action, as does the pulled back bundle y,. Thus the 
equivariant line bundle Lb,, on P’ which corresponds to the action of (Y on u is 
precisely CC 8 r*( y&l. Now y, may be viewed as M’ x G Iw, where G acts on R via 
the homomorphism po, : G + Z, corresponding to LY. Thus L’,,, is the same 
bundle as Lb, except that the action of an element g of G on Lb,, is its action 
on Lb multiplied by cp,(g). 
The key computation is the following local result: 
Theorem A.2. Any spin structure on a 4n - l-dimensional lens space L extends over 
the cone on L. 
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Corollary A.3. Any 4-dimensional orbtfold gotten by blowing down a collection of 
2-spheres in a spin manifold has a Dirac operator. If the manifold is not spin, but 
some subcollection of the spheres is characteristic (Poincare’ dual to w2) then the 
same conclusion applies. 
Proof. The theorem immediately implies the existence of a spin structure, since the 
complement is a spin manifold with boundary a disjoint union of lens spaces. It is 
not hard to see that a spin orbifold has a Dirac operator just as in the nonsingular 
case. 0 
The local result can be rephrased in terms of equivariant Stiefel-Whitney 
classes (see [ll] for example), which are elements of the mod 2 cohomology of 
EG x, B*“, where EG -+ BG is the universal G-bundle. By definition, this is the 
equivariant cohomology Hg(B’“; Z,), which is isomorphic to H*(BG; Z,) since 
B*” is contractible. 
Corollary A.4 The orbifold X = cone(L) admits a spin structure if and only if the 
equivariant Stiefel-Whitney class w2 E Hz(B*“; Z,> vanishes. If X is spin, then the 
spin structures are in one-to-one correspondence with H$B*“; Zz). 
There is also a version of the corollary for orbifolds which are only locally cones, 
although one has to define appropriate groups in which the Stiefel-Whitney 
classes lie. The point, however, is that the characteristic classes are not really 
usable as obstructions until one has a local result such as Theorem A.2, which may 
be applied directly in any given case. 
The proof of Theorem A.2 has two steps. Note that a lens space has one or two 
spin structures depending on whether G has odd or even order. So first we show 
that there is an equivariant spin structure on B4n-1, and then we use the above 
remarks to show that it can be varied to give the other spin structure on the 
boundary if G has even order. The key case to understand in both steps is for the 
group Z,, acting on B4. In fact the general case (i.e., for B4k-1) follows by using 
the fact that any representation of L, on R4k which is free outside the origin is a 
sum of k copies of 4-dimensional representations of the type discussed below. 
The double cover Spin(4) + SO(4) may be realized as the map SU(2) X SU(2) 
+ SO(4) which takes a pair (A, B) of unit quaternions to the linear map 
q H AqB-’ for q a quaternion. 
Lemma A.5 Let the group Z, act linearly on B4, so that its restriction to the 
boundary is free. Then there is a L,-equivariant spin structure on B4. 
Proof. By a choice of basis for R4, we may assume that the generator of the group 
Z, acts by a matrix of the form: 
R(I/n) 0 
0 R(Vn) 
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where R(8) indicates a rotation by 27~3, and s is an integer relatively prime to at. 
Choose a framing of the tangent bundle to R4 which is parallel in R4 to the given 
basis of R4 at the origin. With respect to this framing, an element g E Z, acts by 
(x, A) EB4 x SO(4) I-+ (gx, &4) 
where the action in the second factor is matrix multiplication. 
This trivialization determines a spin structure simply by taking the double cover 
on the SO(4) factor which is determined by the trivialization. To prove the lemma, 
it suffices to find a cyclic subgroup of order n of SU(2) x SU(2) mapping isomor- 
phically to Z, c SO(4). But this is easily done explicitly: Take the two quaternions 
to be: 
A=(-l)“+l( cos rr .s+l)/,)+sin(~(s+l)/n).i), ( ( 
B=(-l)“+‘(cos(~(s-l)/n)+sin(~(s-l)/n).i). 
It is easily verified that A” = B” = 1, and that (A, B) maps to the matrix given 
above. q 
Spin structures on a manifold, once they exist, are in l-l correspondence with 
H’(M; Z,). For L = S2k-1/Z,,, and y1 odd, this group vanishes, so the proof of 
Theorem A.2 is complete in that case. If IZ is even, we need to see that the other 
spin structure extends as well. 
Proof of Theorem A.2. The computation above shows that there is an equivariant 
spin structure on B4". If IZ is odd, this proves the theorem, as there is only one 
spin structure on L. If n is even, there is a unique nontrivial homomorphism cp 
from Z, to Z,, which we regard as lying in Spin(4k) as the kernel of the 
homomorphism to SO(4k). The proof of Lemma A.5 provides a copy of Z, in 
Spin(4k) sitting over Z,, c SO(4k). For II even, there is another such lift: if p(g) is 
the image of g in Spin(4k), then we define p’(g) = p(g). q(g). This is a homomor- 
phism because the Z, is in the center of Spin(4k). The induced spin structure on 
the boundary lens space is precisely the one described above. In other words, it has 
changed by the cohomology class corresponding to the homomorphism cp. Thus 
both spin structures on L extend over the cone. 0 
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